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^ [ Abstract 

All hypersurface homogeneous locally rotationally symmetric spacetimes which admit conformal sym- 
metries are determined and the symmetry vectors are given explicitly. It is shown that these spacetimes 
must be considered in two sets. One set containing Ellis Class II and the other containing Ellis Class I, III 
' LRS spacetimes. The determination of the conformal algebra in the first set is achieved by systematizing 

and completing results on the determination of CKVs in 2+2 decomposable spacetimes. In the second set 
new methods are developed. The results are applied to obtain the classification of the conformal algebra 
i of all static LRS spacetimes in terms of geometrical variables. Furthermore all perfect fluid nontilted LRS 

OO ' spacetimes which admit proper conformal symmetries are determined and the physical properties some 

, of them are discussed. 

PACS: 2.40.HW, 4.20.-q, 4.20.Jb 

1 Introduction 

Hypersurface homogeneous spacetimes which are locally rotationally symmetric (to be referred in the fol- 
^ ^ lowing as LRS spacetimes) contain many well known and important families of exact solutions of Einstein 
^ . field equations and have been studied extensively in the literature [1, 2, 3, 4, 5, 6]. They admit a group of 
^ ' motions G4 acting multiply transitively on three dimensional orbits spacelike (5*3) or timelike (Ts) and the 
■ - - ' isotropy group is a spatial rotation. It is well known that the metrics of these spacetimes are [1, 2]: 

ds^ = e[dt^ - A^{t)dx^] + B'^{t) Uy"^ + ^^(y, k)dz^] (1.1) 



> 



ds^ = e [dt^ - A^{t) [dx + A(y, k)dz]^^ + B^{t) [dy^ + T?{y, k)dz 



:i.2) 



ds^ = e[dt^ - A\t)dx'^] + B\t)e'^''{dy^ + dz^) (1.3) 

where £ = ±l,T,{y,k) = smy,smh.y,y and A{y,k) = cos y, cosh y, for k = 1,-1,0 respectively. (The 
factor e = ±1 essentially distinguishes between the "static" and the "nonstatic" cases as it can be seen by 
interchanging the co-ordinates t,x). According to the classification given by Ellis [1] the metrics (1.2) with 
e = 1 are Class / LRS metrics, the metrics (l.I) and (1.3) are Class // and finally Class /// are the metrics 
(1.2) with £ = -1. 

The field equations for the LRS spacetimes reduce to a system of ordinary differential equations which, 
in general, have not been integrated. Thus additional simplifications have to be made and this is done by 
the introduction of extra conditions which are constraints on the set of LRS metrics (1.1)-(1.3). The most 
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important types of such conditions have the form C^A = F where A is any of the quantities gab, T^^,, Rab, ^bcd 
and geometric objects constructed by them and F is a tensor with the same index symmetries as A. These 
conditions arc called geometrical symmetries or coHineations. There are many types of collineations and in 
fact most (but not all) of them have been classified in an appropriate tree diagram [7] (corrected later in 
[8]). 

One important and widely studied geometrical symmetry is the Conformal Killing Vector (CKV). A 

CKV is defined by the requirement C^gab = '^'^iOdab and specializes to a Killing Vector (KV) (V'(0 = 0); 
to a nomothetic vector field (HVF) {tp{^) =const.7^ 0) and to a Special Conformal Killing Vector (SCKV) 

{^■,ab = 0). 

The purpose of the present paper is threefold: 

a. To determine the metrics (1.1)-(1.3) which admit (proper or not) CKVs. We use/develop purely 
geometrical methods hence the results hold for any type of matter. 

b. To apply these results in two directions. First to classify in a natural and geometric manner the 
CKVs of a static spherically symmetric spacetime [9, 10] and some other minor results [11, 12]. Secondly to 
find all, physically acceptable, nontilted LRS perfect fluid spacetimes which admit proper CKVs and discuss 
briefly their basic physical properties. 

c. To find the CKVs which inherit the symmetry. An inheriting CKV in a fluid spacetime with a 
four velocity is defined by the requirement C^^u"" = —il^u"' where ij: is the conformal factor of The 
inheritance property is important because it assures that the Lie drag of the fluid flow lines by the CKV 
will transform fliiid flow lines onto fluid flow lines a fact that gives rise to dynamical conservation laws and 
other useful kinematical and dynamical results [13, 14, 15, 16, 17, 18, 19]. 

The structure of the paper is as follows. In Section 2 we derive the CKVs of the LRS metric (1.1). 
We restrict our study to the nonstatic case (e = 1), because the results of the static case (e = — 1) can be 
obtained by interchanges the co-ordinates t,x. In Section 3 we apply this approach to classify the conformal 
algebra of a static spherically symmetric spacetime. In Sections 4 and 5 we derive the complete conformal 
algebra of the remaining metrics of Ellis class II and the Ellis class I,III. In Section 6 we determine all 
LRS perfect fluid spacetimes which admit a proper CKV and satisfy the weak and the dominant energy 
conditions. Finally Section 7 concludes the paper. 



2 The conformal algebra of the LRS metrics (1.1) 



The LRS spacetimes with metric (1.1) and e = —1 admit the isometry group G4 consisting of the four KVs 
d^,X^ (/x = 1,2,3): 



= ((5^ cos z + d'^ sin z)dy — (In S)^y((5^ sinz — 5^ cos z) — 6^ 
acting on 3D spacelike orbits. The metric (1.1) can be written: 



where: 



ds^ = -J^ + ^dx' + V + S2(y, k)dz' 



B^{t) B^t) 

is a {2+2} decomposable metric whose constituent 2-spaces are: 

dn'^ = dy'^ + 'E'^{y,k)dz'^ 
with constant curvature R2 = 2k {k = 0, 1, —1) and: 



(2.1) 



(2.2) 



(2.3) 



(2.4) 



2 



2 dt^ , A\t)^ 2 



with scalar curvature Ri given by: 



where: 



i?i = 2(i?^ + gn (2.6) 



d 



Hi) 



Prom (2.2) it follows that in order to determine the conformal algebra of the LRS metrics (1.1) it suffices to 

determine the conformal algebra of the {2+2} metric (2.3) (we recall that the conformal factors ^' (X.),ip(X.) 
of a CKV X of two conformally related metrics g'-j = N'^gij satisfy the equation ijy(X.) = V-'(^) + X(ln A^).) 

Regarding the determination of the KVs and HVFs of a {2+2} decomposable metric there are standard 
results in the literature. In fact it has been shown that the KVs of each of the constituent 2-metrics are 
KVs of the whole {2+2} spacetime. Furthermore a {2+2} spacetime admits a HVF with homothetic factor 
bb' if and only if each 2-metric admits one with corresponding homothetic factor b,b' [20]. 

Concerning the proper CKVs Coley and Tupper [21] have proved that {2+2} decomposable spacetimes 
admit proper CKVs if (a) their constituent 2-spaces are spaces of constant nonvanishing curvature, i?i and 
i?2 say, such that i?i + i?2 = and/or (b) they are conformally flat (these spacetimes are the Bertotti- 
Robinson and " anti-Bertotti- Robinson" spacetimes). However Coley and Tupper did not give a method 
to determine the CKVs explicitly. The following Proposition 1 provides such a method by showing that a 
proper CKV in a {2+2} spacetime is expressed in terms of the gradient CKVs of the constituent 2-metrics. 

Proposition 1 Let gab = QAB^gA'B' be a {2+2} decomposable spacetime where A, ... = 0, 1, A' , ... = 2, 3, 
a,b = 0, 1, 2, 3 and gAB{^^) ( respectively gA'B'{^'~^' )) is the Lorentzian (respectively Euclidean) part. If both 
2-metrics are metrics of constant but opposite nonvanishing curvature i.e. Ri = —R2 = 2p (p 0) then 
the {2+2} metric gab is conformally flat and admits 15 CKVs. The conformal algebra contains the six KVs 
(three KVs for each 2-metric) plus the nine proper CKVs ^ai3 given by (a,l3 = 1,2,3): 

ia0 = [Uf^y^'dA - fp {f'y Oa] (2.8) 

with conformal factor ip{(,ap) = faf/S ^where f (x"^) , f (x^' ) are smooth (independent) and real valued func- 
tions such that: 

f\AB = -pfOAB and f\\A'B' = Pf'dA'B' (2.9) 

and "\", "II" denote covariant differentiation with respect to the metrics gABidA'S' respectively. 
From the above discussion becomes clear that one has to consider two cases: 
Case A Metrics (2.3) which are not conformally flat and possibly admit KVs and HVFs only. 
Case B The conformally flat Bertotti-Robinson and " anti-Bertotti- Robinson" spacetimes and, of course, 

the Minkowski spacetime. 

In each case the exact form of the resulting {2+2} spacetime is determined by solving the ordinary 
differential equation (2.6). 
Case A 

In this case the reduced {2+2} metric (2.3) does not admit proper CKVs and there are only two 
possibilities to consider: 
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a) The {2+2} metric admits a HVF. This is possible if and only if both 2-metrics admit a HVF [20]. 
This occurs only if A; = and the metric (2.5) is not of constant curvature. Furthermore because the Lie 
bracket of an HVF with a KV is a KV, using Jacobi identities and the original symmetry equations, we can 
determine the form of the resulting {2+2} metric and the HVF. 

b) The {2+2} metric admits two extra KVs acting on 2D timelike orbits hence the 2-space (2.5) becomes 
a space of constant curvature Ri 7^ — i?2- Setting Ri = 2e/a^ where e = 0, ±1 and using (2.6) we determine 
the 2D metric (2.5) whose isometry algebra is computed in a straightforward manner. 

The rather lengthy and typical calculations present no particular interest and we summarize the results 
in Table 1 where it can be seen that there are seven different cases Ai, ...,Ay. 
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Table 1. Proper CKVs admitted by the nonconformally flat LRS metrics (1.1). In all cases t = / 
and Ri is the curvature of the 2-space (2.5). We note that in cases A3,A4 and A5 the curvature Ri ^ 2 
whereas in case Ag the curvature Ri 7^ —2. Furthermore the vectors ^, ^2 of cases Ai and A2,A3 respectively 
are inheriting, /x = 2, 3 and £1 = ±1, ai 7^ 0, 1 in order to avoid the conformal flatness of the metric. 



Case 


Mr) 
B(r) 


Ri 




CKVs 


Conformal Factor 


Ai 


a-^ — L 







^ = airdr + xdx + aiydy 


ai [l + r(lnS),^] 


A2 


1 





±1 


Cm = ^l^r + 5l{xdr + Td^) 


61 + Six {\nB)^r 


A3 


g£ir/o 


2 

TP 


0,±1 


Cm = ^^{-exadr + xdx)+ 
+5l{-2eiaxdr + [x^ + a^e-^^i^/"] 5^} 


-5leia{\aB)^r- 
—5l2x£ia{\nB)^T 


A4 


cosh ^ 


2 


0,±1 


Cm = 51 [sin(f )5. + tanh(^) cos(f )9,J + 
+81 [cos(f)9.-tanh(i)sin(^)aJ 


<5^sin(f)(lni?),.+ 
<^3cos(^)(Ini3),, 


As 


sinh - 

a 


2 


0,±1 


= [sinh(|)9. - coth(^) cosh(|)a,J + 
+5f [cosh(f )5, - coth(i) sinh(f )9,] 


(5^sinh(|)(lnS),,+ 
53cosh(^)(ln5),^ 


As 


COS ^ 
a 


2 


0,±1 


Cm = 5^ [sinh(f )a, + tan(^) cosh(f )5,] + 
+,53 [cosh(f )a, + tan(l) sinh(f )9,] 


<5>inh(f)(ln5),,+ 

53cosh(f)(lni?),. 


A7 


T 





±1 


Cm = <Jm [coshxc^r — sinhx^a;] + 
+(5j^ [sinhxS,- — coshx^a;] 


5^coshx(lni?)^^+ 
5^ sinhx(lni?)^T- 



Case B 

The conformal algebra of the Bertotti- Robinson and the " anti-Bertotti-Robinson" spacetime consists 
of 6 KVs (three KVs for each 2-space of constant curvature) plus nine proper CKVs and it is isomorphic 
to the conformal algebra SO(4,2) of Minkowski spacetime. The explicit computation of the CKVs in the 
coordinates in which the above metrics are defined can be done easily by means of Proposition 1. 

The Minkowski spacetime results in two different types of LRS spacetimes that is A{t) = B{t) and 
A{t) = tB{t). In the former case the resulting metric is the flat Robertson- Walker metric whose conformal 
algebra is known [22]. The second LRS metric is: 

ds^ = B^{t) {-cLt'^ + T^dx^ + dy^ + y'^dz^) . (2.10) 
which by means of the transformation: 

f = rcoshx, x = rsinhx, y = ycosz, z = ysmz 

reduces to the metric B{i, x){—dP + dxP' + dy^ + dz^) whose conformal algebra is also known [23]. 

In Table 2 we collect all conformally flat LRS metrics and their corresponding CKVs (except the trivial 
case of Minkowski spacetime) . 
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Table 2. Proper CKVs of the conformally flat LRS metrics (1.1). In case Bi the spacetime is spherically 
symmetric {k = 1) and the functions = (— cosy, sin y cos 2, sin y sin 2;). The other cases correspond to 
hyperbolic spacctimcs (fc = —1) and the functions = (coshy, sinh y cos z, sinh y sin z). The nontensorial 
indices a, /x = 1, 2, 3 and A = t,x and A' = y, z. 



Case 


Mr) 


Conformal Killing Vectors 


f 


Conformal Factors 


Bi 


COST 


X2 = sinh xdr + tan r cosh xdx 
X3 = cosh xdr + tan r sinh xdx 

X3(a+l)+^ 

= /;(/a)'^5A-/.(/;)'^ dA' 


fi = -sinr 

/2 = cos T cosh X 

/s = cos T sinh x 


?/'(X2) = sinhx(lnS),^ 
?/;(^A.3 j — cosn x(^m ij ) 

x[-(ln|/„|),,(lnB),, + l] 


B2 


e£iT 


X3 
X3(a 


X2 = -eidr + xdx 
= -2eixdr + [x^ + dx 

fl{uy^dA-u{f'^Y dA' 




/i = -e''^ 

/3 = -e'^i^(a;2 - e-^^i"") 


V'(X2) = -£i(lnB),, 
^biX-i) = -2xei (InB) ^ 

V'(X3(a+l)+;i) = -//i/a 

x[-(ln|/„|),,(lnB),,-l] 


B3 


coshr 


X 
X 

X3(q 


2 = sin xdr + tanli r cos xdx 

3 ~ cos xdr + tanh r sin xdx 

fl{fo.y^dA~U[flY dA' 




/i = — sinh r 

/2 = — coshr cos a; 

/3 = — coshr sin a; 


')/'(X2) = sinx(lni?).7. 
7/;(X3) = cosx(lni?)_T- 

V'(X3(a+l)+^) = -f^fa 

x[-(ln|/„|),,(lni3),,-l] 


B4 


sinhr 


X2 
X3 

X3(a 


= sinh xdr — coth r cosh xdx 
= cosh xdr — coth T sinh a;9x 

f'Afay^dA-U{f'^y^ dA' 




/i = — cosh T 

/2 = — sinh T cosh x 

/3 = — sinh T sinh x 


V'(X2) = sinhx(lnB),r 
V'(X3) = coshx(lnS),r 

V'(X3(a+i)+^) = 

x[-(ln|/„|),,(lni?),,-l] 
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2.1 Discussion of the results on the LRS metrics (1.1) 



1. Homogeneous LRS spacetimes 

Prom Table 1 it follows that the nonconformally flat LRS spacetimes (1.1) admit either one or two extra 
KVs. It is well known that the only perfect fluid LRS spacetime with a maximal G5 is the Godel solution 
which is of Ellis class I. Furthermore A-tcrm solutions with G5 as a maximal group of motions are of Petrov 
type N [24] . Therefore the homogeneous LRS metric Ai of Table 1 can represent anisotropic fluid spacetimes 
only. Regarding the remaining nonconformally flat homogeneous spacetimes of Table 1 they can represent 
either a A-term solution or anisotropic fluid solutions. 

From Tabic 2 we see that the conformally flat homogeneous LRS metrics consist of three different types: 

a. Metrics of constant (positive) curvature which admit 10 KVs (dc Sitter spacetime) 

b. Metrics which are not of constant curvature and admit 7 KVs and 

c. The Bertotti-Robinson and " anti-Bertotti-Robinson" spacetimes which admit a Gq group of motions. 

LRS metrics of type a and c are well known whereas type b LRS metrics have been found by Rebougas 
and Tiomno (the RT spacetime) [25] and Rcboucas and Tcxcira (the "anti RT" or ART spacetime) [26]. 
They are 1+3 decomposable spacetimes the 3-spaces of which are timelike spaces of constant curvature 
(negative for RT and positive for ART). Their analogue is the Einstein and the "anti-Einstein" spacetimes 
whose 3-spaces are spacelike surfaces of constant curvature. All homogeneous LRS metrics are given in 
Table 3. We should not that "anti-Einstein", ART and "anti-Bertotti-Robinson" metrics do not satisfy the 
energy conditions. 



Table 3. This Table contains all homogeneous LRS spacetimes with metric (1.1). The indices a, fi = 2,3 

and the constants a,c,ei satisfy the constraints ac 7^ and £1 = ±1. 



Case 


k 


A{t) 


B{t) 


KVs 


Type of the metric 


Ai 











LRS 


A2 


±1 


C1C2 




Cm 


1+1+2 


A3 


0,±1 




C 




2+2 


A4 


0,±1 


ccosh^ 


c 




2+2 


A5 


0,±1 


csinh^ 


c 


Cm 


2+2 


Ae 


0,±1 


ccos^ 


c 




2+2 


A7 


±1 


ct 


c 




1+1+2 


Bi 


1 


ccot r 


c 

sin T 


X3(a+1)+At 


Constant Curvature (Type a) 


B3 


-1 


c coth r 


c 

sinh T 




Constant Curvature (Type a) 


B4 


-1 


c 1 a nil T 


(■ 

COsil T 


X:-!(a-l)+// 


Const aul Curvaluro (Type a) 


Bi 


1 


c 


C 

COS T 




1+3 (Type b) 


Bs 


-1 


c 


C 

cosh T 




1+3 (Type b) 


B4 


-1 


c 


c 

sinh T 




1+3 (Type b) 


Bi 


1 


CCOS 2 


C 




2+2 (Type c) 


B2 


-1 




C 




2+2 (Type c) 


B3 


-1 


c cosh 2 


c 




2+2 (Type c) 


B4 


-1 


c sinh 2 


c 




2+2 (Type c) 



2. LRS spacetimes admitting a transitive homothety group 

These spacetimes follow directly from the metrics of Table 1 if we set the conformal factor to be a 
constant. These metrics have been found by Carot and Sintes [27] and Sintes [28] and need not be considered 
further (we should note that the HVF ^ of Case Ai has also been found previously by Tupper [29]). For 
completeness we collect the resulting metrics together with their HVFs in Table 4. 
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Table 4. LRS spacetimes (1.1) with transitive homothety group and Si = ±1. 



Case 


k 


A{t) 


B{t) 


HKVs 


Conformal Factor 


Ai 





b-l 
t — 


Clt b 


^ = btdt + xd^ + aiydy 


b 


A2 


±1 


ait 


ait 


= aitdt 


ai 


A3 


0,±1 




ait 


^ = —eiaaitdt + xdx 


—Eiaai 



3. Comparison with existing results 

Although many nonstatic LRS metrics of type (1.1) are known which are homogeneous or admit a HVF, 
it appears that there do not exist many such metrics which admit proper CKVs. The metric found by 
Maartens and Mellin [30] belongs to the case Ag {k = 0) and their CKV equals ^2 + ^3 with conformal 
factor ^(^,2 + £,,3) = e^^"'{lnB)^r = e^/"'B (the constant a appearing in [30] must be replaced with 1/a). 
Kitamura [31] using a different method has found the conformal algebra of the metrics (1.1) for A; = 1 in 
the nonconformally flat case. Finally the CKVs of the RT and ART spacetimes have been given in [32, 33]. 



3 The static spherically symmetric case 

One useful application of the results of the last section is the classification of the conformal algebra of 
the static spherically /plane/hyperbolically symmetric spacetimes. This is done if one interchanges the co- 
ordinates t, X and takes /c = 1, 0, — 1 respectively. 

The classification of the proper CKVs of the static spherically symmetric (SSS) spacetimes has been 
derived by Maartens et al. [9, 10] using the direct (and more difficult) method of solving the differential 
conformal equations C^Qab = '^tpSab in a- SSS spacetime. We shall show that the approach developed in the 
last section is straightforward, more geometrical and results in a new inherent classification whose classifying 
parameters have a direct geometrical interpretation. 

The line element of a SSS spacetime has the general form [24]: 

ds^ = -e^Hr)dt^ + e2^(^)dr2 + r^dO^ + sin^ Od^P^) (3.1) 

and corresponds to the LRS metric (1.1) with e = 1,A; = 1. The analysis of the previous section applies 
provided one interchanges the co-ordinates t,r. To show this we rewrite (3.1) as follows: 

ds^ = [dsl + {d0^ + sin^ 0d<^2 

where = ^{—e'^'^^^^dt'^ + e^'^'^'^^ dr'^) . The curvature R2 of the 2-metric ds\ is: 

i?2 = -2(re-\^ + gi) (3.2) 

where 

q2 = e-\riy' - 1) (3.3) 

and a prime denotes differentiation w.r.t. the co-ordinate r. 

The quantities R2 and q2 in this case are the parameters (2.5) and (2.6) used for the computation and 
the classification of the conformal algebra in the last Section 2. Therefore we can write the form of the 
metric and the corresponding CKVs, using the results of Tables 1,2, provided that one makes the following 
correspondence: 

f^t,t^T where T = J e^dr, Air) = e^^^^B^r) = j e->^dT and r ^ F = / . 



For example in case Ae the proper CKVs of the SSS spacetime are: 
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6 = sinh(i)a^ + taii(|)cosh(i)at 
^3 = cosh(^)ajr + tan(^)sinh(^)at. 

Therefore the method of Section 2 results in a complete classification of the conformal algebra of SSS 
spacetimes in terms of the parameters R2 , which have a direct geometrical meaning. 

This classification coincides with the scheme of Maartens et al. [9] because the quantity q used in [9] 
is related to i?2 by g = —(1 + \R2) and the other classifying quantity e~^{rv' — 1) equals q2- Finally their 
constant w = l/a^ . 

The CKVs found in [9] are linear combinations of the ones found in this work. However, in some cases 
there is a direct correspondence. For example the CKVs corresponding to the case /^[O] ^k.^ are given by 
^2 and ^3. 

In addition to the above, other results on the conformal algebra of SSS spacetimes follow immediately 
form the present approach. For example the HVF found by Ahmad and Ziad [12] is the vector ^3 = 
—Eiaaitdt + xdx of the case A3 and the SSS spacetimes which admit six KVs [11] follow from those of Table 

3 if we set the unimportant constant A of [11] equal to zero. 

4 The CKVs of the LRS metrics (1.3) 

The remaining LRS metrics of Ellis class II given in (1.3) can be written: 

ds'^ = e'^''B\t)dsl^2 (4-1) 

where: 

dsl+2 = e-^''L^{t){-dt^ + dx^) + dy^ + dz^ (4.2) 

and L(t) = ^ (t = / 3^). Obviously the scenario of Section 2 applies again and one has to consider the 
conformally flat and the nonconformally flat cases of the reduced 2+2 spacetime. 
Case A 

In this case we find that the metric (4.1) admits the CKVs (which are KV for the reduced 2+2 spacetime 
(4.2)): 

i = (sinh tdt - cosh td^) (4.3) 
with L(t) =sinh~^t and conformal factor ^'(O = [sinh t(ln i?) f — cosht] or, 

C = e"^ (cosh tdt - sinh td^) (4.4) 

with L{t) = cosh~^ f and conformal factor tpiO — [cosht(ln5) f — sinht] . Furthermore no inheriting 
proper CKV exists. 

These CKVs reduce to KVs for B{t) = sinht, cosh t in which case the LRS metric becomes homogeneous. 
This result invalidates the statement [24] that no G5 exists on V4 for the spacetime (1.3). 
Case B 

From (4.1) we obtain the condition LLtt — {L^tf' = which has the solutions: 

L{t) = c A{t)= cB{t) 

L{t) = ce^l^ = ce^l^B{i). 
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For both solutions the metric (4.2) corresponds to the Minkowski spacetime. 
L{t) = c 

The 2-metric dsj^ becomes dsj^ = c^e~^^{—dP + dx'^) and by means of the transformation t = ce"^ sinh?, 
X = ce~^ cosht the reduced metric ds2+2 takes its canonical form —dP + dx^ + dy"^ + dz^ whose conformal 
algebra is known [23]. The CKVs of the LRS metric can be written immediately in the original co-ordinates 
and we do not refer them explicitly. All 11 CKVs are proper and there exists an inheriting proper CKV, 
the ^ =dt. This CKV reduces to the HVF ^ =btdt with conformal factor b provided that A{t) = bt and 
B{t) = {b, c / 0). This result has been obtained previously by Sintes [28] however with the unnecessary 
assumption of perfect fluid matter. 

L{t) = ce*/^ 

In this case the 2-metric dsf, becomes dsj^ = c^e^^c~^)(— + dx'^) and by means of the transformation: 



X = 



^2 r 



1 c + 1 - 

-—^eM^{t-x)}- 

1 c + 1 - 

^exp{^(t-a;)} + 



c- 1 
1 



1 



exp{ (t + x)} 

c 

c - 1 - 
exp{ (t + x)} 



for c 7^ 1 and: 



. 1 
'=2 



- exp{2(i -x)} + t + x 



X = - 



-exp{2(i-x)}-(i + x) 



for c = 1 the metric ds|_,_2 takes the standard form —dP + dx^ + dy^ + dz^. The comments on the CKVs of 

the previous case L{t) = c apply. From the 11 proper CKVs the proper CKV ^ =cdt + dx with conformal 
factor ip(X.i) = 1 + c(lnB) j is inheriting. Moreover only this CKV can be reduced to HVF =btdt + dx 

with conformal factor b, in which case the metric functions are given by A{t) = k and B{t) = t^s. 



5 The CKVs of the LRS Class I,III metrics 

The LRS metrics of Class I and III defined in (1.2) are different from the ones of Class II considered 
previously because they are not conformal to a 2+2 decomposable metric. Hence we have to develop a 
new method and most helpful in this direction is the important Theorem of Defrise-Carter. This Theorem 
demands that the conformal algebra of a metric of Petrov type D is isomorphic to the Killing algebra of 
a conformally related metric [34, 35]. Because the LRS Class I and III metrics are of Petrov type D the 
Theorem applies. Due to the fact that the results for Class I (e = 1) spacetimes follow from those of Class 
III spacetimes (e = — 1) with the interchange of the co-ordinates t,x, we need to consider Class HI only. 
The KVs which span the G4 are: 

Ki = dx, K2 = dz 

= f{y, k) cos zdx + sin zdy + [In S(y, k)] ,y cos zdz (5.1) 
K4 = f{y, k) sin zdx — cos zdy + [In S(y, A;),j,] sin zdz 

where: 



fiy,k) = Aiy,k) 

They have the Lie brackets: 



\ My,k) 



(5.2) 

,y 
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[Ki,K2] = 0, [Ki,K3]=0, [Ki,K4]=0, [K2,K3]=-K4 

(5.3) 

[K2,K4] = K3, [K3,K4] = -A;K2 + 2(l-fe2)Ki. 

Let us assume that the metrics (1.2) admit exactly one more CKV, the X/ say, which together with the 
G4, generates a conformal group G5. According to the theorem of Defrise-Carter (and the structure of the 
isometry G4) the metric (1.2) must be conformally related to another LRS metric, say ds'^, of the form (1.2) 
for which the conformal group G5 is a group of isometries. Considering the commutator of X/ with the KVs 
Ki, K2, K3, K4 and using Jacobi identities and Killing equations we compute easily the form of Xy and the 
reduced homogeneous metric ds"^. Finally returning to the original metric we obtain the required CKV. 

The assumption that the nonconformally flat LRS metrics (1.2) admit a conformal algebra Cq or G7 
leads either to a symmetric spacetime-*^ or to a Petrov type N spacetime [35] . 

These results are stated in the following: 

Proposition 2 Nonconformally flat Ellis Class 1,111 LRS spacetimes admit at most one proper and 
inheriting CKV given by: 

X7 = + 2axdx + aydy with ^'(X/) = a + (In B) i (5.4) 
in which case the metric functions are given by: 

^ = cie-"* h{t) = C2S(t)e"* (5.5) 
dt 



-Im (-) 



* ' hit) 

where a = when k ^ and c\ , C2 are nonvanishing constants. Furthermore ci 7^ 1 for a = in order to 
avoid the conformally flat case. 

The CKV (5.4) reduces to a HVF with homothetic factor b when A{t) = dit~b^ , B{t) = d^t"^ (found 
previously in [28]) and to a KV when the metric functions A{t) = die"^"*, B{t) = (i2e~"*. 

We turn now to the conformally flat Class III metrics (1.2). The vanishing of the Weyl tensor is equivalent 
to the requirements A{t) = B{t) and k = — e. These conditions imply that the conformally fiat metrics (1.2) 
are conformally related to the 1+3 decomposable spacetimes: 

ds'^ = B^{t) [e [dp - dz^ - 2A(y, -e)dxdz - dx^] + dy^} (5.7) 
where i = f and whose 3-spaces: 



ds 



2 



dz"^ - dx^ - 2A(y, -e)dxdz + dy^ (5.8) 



are spaces of constant curvature -R3 = — |e. This implies that the metrics (5.7) are conformally related either 
to the Einstein spacetime (e = —1) or to RT spacetime (e = 1) [25]. 

Using standard methods the conformal algebra of the 3-spaces (5.8) is computed easily from the conformal 
equations C-K.ds\ = 2^{K)ds\ and it is listed in Table 5. 

^It is easy to show that the LRS space-times (1.2) cannot be symmetric {Rabcd;e = 0) for any values of the metric functions 
A{t) and B{t). 
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Table 5. The conformal algebra of the 3-metric (5.8). The index a = x,y, z, e = ±1. 



CKVs 


Conformal Factor 0(K) = |A 







K2=d, 





K3 = f{y,-e) COS zdx + sin zdy + [lnT.{y, -s)]yCOS zd^: 





K4 = f{y,-e)smzdx - cos zdy + [lnE(y, -e)J .^smzd^ 





K5 = [lnS(y, -e)]^y cosxdx + sinxdy + f{y, -e) cosxdz 





Kg = [lnS(y, -£)] ,^sina;5a; - cosxdy + /(y, -£)sinx(?2 





K(7)a = Al,a 


Ai = [A(2/,-e) + l]i/2sin(| + f) 


-f^(8)a = ^2,a 


A2 = [A(t/,-£) + l]'/'cos(| + f) 


K{9)a = ^3,a 


A3 = [l-A(2/,-£)]V^in(|-|) 


K(10)a = ^4,0; 


A4 = [l-A(y,-£)]i/2cos(f-§) 



From the results of Table 5 we compute in a straightforward manner the CKVs of the LRS spacetimes 
(5.7) using the method developed in [32]. The result is that the vectors Ki, Kg are KVs, the vector dj is 
a proper CKV and the remaining 8 proper CKVs are: 



(n)a 



V'(X(„), 



-2cos(|)A(„)(5* - 4£sin(|)A(„),„(5^ 



(5.9) 



\(n) 



sin(^)-2cos(^)(lnB),f 



(n+4)a = 2sin(^)A(„)(5* +4ecos(^)A(„),„5^ 



(5.10) 



V'(X(„+4)) = A(„) 

where n= 1, 2, 3, 4 and a = t,x, y, z. 



cos(|) + 2sin(|)(lnB),f 



6 LRS perfect fluid spacetimes admitting proper CKVs 

The results of the previous sections are geometrical and apply to any type of matter. However most existing 
(hypersurface homogeneous) LRS solutions concern perfect fluids [24] and even recently new efforts are made 
in the determination of new LRS perfect fluid solutions [6, 36, 37, 38]. Hence it is of interest to utilize the 
geometrical results of the previous sections and determine explicitly all perfect fluid and nonconformally 
fiat LRS spacetimes which admit proper CKVs. The conformally flat cases are ignored because they lead 
either to generalized Priedmann type metrics or to generalized interior Schwarzschild type metrics which are 
well-known [24]. 

The equivalence of the geometric results for e = +1 and e = — 1 under the interchange of the coordinates 
x t is not transferred over to physics due to the timelike character of the 4-velocity. Thus we have to 
distinguish between the nonstatic case (e = +1) and the static case (e = —1). 

The outline of the method of work is as follows. For each LRS metric admitting CKVs we compute 
the energy momentum tensor T^b- Using the standard decomposition of the energy momentum tensor we 
determine the dynamical quantities /x, p, Qa and TTab via the relations: 
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11 = Tabu'^u'', p = ^Tabh"'', qa = -KT^du'^, TTab = KhfT^d " \{h"^T,d)hah, (6.1) 

where hab = Qab + UaUb is the projection tensor associated with the fluid four velocity Ua {vf^Ua = — 1). 
Assuming a perfect fluid spacetime (i.e. -Kab = and qa = 0) we obtain a differential equation which fixes 
the metric function B{t) and consequently the exact form of the dynamical variables. We demand that the 
weak and dominant energy conditions ;U>0, ;U + p>0 and /x — p > hold and select from the resulting 
perfect fluid metrics those which are physically acceptable. 

The form of the energy momentum tensor implies that for a perfect fluid interpretation, the fluid ve- 
locity must be orthogonal to the group orbits (nontilted models) i.e. oc 5^ except in the case of the 
nonconformally flat (<^4> A(t) ^ cB{t)) metrics (1.3) where a tilted 4-velocity is required. Hence we have 
that: 

Proposition 3 All hypersurface homogeneous LRS metrics which admit a proper CKV have a perfect 
fluid interpretation for nontilted observers, except the nonconformally flat metrics (1.3) which admit a perfect 
fluid interpretation only for tilted observers. 

In Tables 6,7 we collect the results of the calculations for the nontilted, static and the nonstatic perfect 
fluid LRS metrics which admit a proper CKV. 
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Table 6. List of all nonconformally flat, nontilted and static perfect fluid LRS spacetimes admitting 
proper conformal symmetries and satisfying the weak and the dominant energy conditions. For the Ellis class 
II the metric is ds'^ = B'^{x) [—C'^{x)dt^ + dx^ + dy^ + T?{y, k)dz^\ where B{x), C{x) are smooth functions 
given in the third and fourth column of the Table and we have used the transformation dx = . For the 



Ellis class I the metric is B'^{x) 



ere 



-2ax 



{dt + A2(y, k)dzy + + k)dz^ 



and we have 



used the transformation dx = C2B{x)e°'^dx where ci,C2 are constants of integration. Furthermore e\ = ±1 
and h{x, c) = sinh~^ cx or cosh~^ ex. 



Ellis 
class 


Case 


1 

k 


B{xj 


C{x) 


Constants 


Restrictions 


II 


Ai 





1 

D+l D-1 
0x ^ +x ^ 


Oil — l 

X "1 




ai < 1 


II 


A2 


1 


cosh^^ ^ 


1 




none 


II 


A3 


1 


h{x, c) 




^ V 2a2 


a 7^ 1, > 1 


II 


A3 


-1,0 


cosh~^ cx 


^eix/a 


^ - N 2a^ 


a 7^ 1, < 1 


II 


A4 


1 


h{x, c) 


cosh(x/a) 


^ V 2d^ 


a ^ 1 


II 


A4 


-1,0 


cosh~^ cx 


cosh(x/a) 




a2 < 1/2 


II 


As 


1 


h{x, c) 


sinh(x/a) 




a 7^ l,a^ > 1 


II 


Ae 


1 


h{x, c) 


cos(x/a) 




a 7^ l,a^ > 1 


II 


Ae 


1 




cosx 




none 


II 


A7 


1 


h{x, c) 


X 


2 


none 


I 







f-"''-/- cosh(^) 




7-, /- 1 1 ■? 

U = yoa- + -l(:l(2 


uouc 


I 




±1 


cosh(^) 




D = C2^cl + 2k 


cf + 2fc > 0, ci 7^ 1 


I 




-1 


cos(f ) 




D = C2^2-c\ 


cf <2,ci 7^1 



Table 7. List of all nonconformally flat, nontilted and nonstatic perfect fluid LRS spacetimes admitting 

proper conformal symmetries and satisfying the weak and the dominant energy conditions. The spacetime 
metric is ds'^ = B'^{t) [— dr^ + C'^{T)dx^ + d'lp' + T?{y, k)dz^] and we have introduced the new time co- 
ordinate dr = -^f^- Also m is a nonvanishing natural number. 



Ellis class 


Case 


k 


B{t) 


C(r) 


Constants 


Restrictions 


II 


A4 




sinh" - 

a 


cosh(T/a) 


_ ka'-l 
'■- ~ 2 


a2 > 1 


II 


As 




cosh" ^ 


sinh(r/a) 


_ 

~ 2 


> 1 


II 


Ae 


1 


sin'^ - 


cos(r/a) 


„ _ 

^- 2 


= 2m + 1 


II 


A7 


±1 


cie 4 


T 




none 



It is interesting to analyze qualitatively the basic physical properties of spacetimes listed in Tables 
6,7. We restrict our considerations to the nonstatic LRS spacetimes which, in principle, can be used as 
cosmological models and we examine whether these models inflate {q < 0) and/or isotropise {a/ 6 as 
r — 00) [39, 40] where 9 = n?„ is the rate of volume expansion, a is the shear and q = f |j — 1 is the 
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deceleration parameter. For these spacetimes (Table 7) we find that the only models which isotropise are 
those of the case for both values k = ±1 {k ^ 0). The kinematical and the dynamical parameters of 
these perfect fluid cosmological models are collected in Table 8. 



Table 8. 



-8) 



P 

e--"/2(^2_^8) 




V4 



3c^ 



0_ 

(3t2+2) 



2c^r 



•^'^1^ (3r^+2)^ 



/^(3r^- 
4c^ 



4c^ 



-8) 



3c?T 



V4 



(-3r2+2) 



2c|t_ 



q„2_-TV4(3T^+4r2+4) , 
-3Cie (3ri!-2)^ 



Prom the results listed in Table 8 we draw the following conclusions: 

a. For the nonstatic spherically symmetric {k = 1) LRS spacetimes the energy density never vanishes. 
For I ci |< 2 and Te(0,ro), where tq is a constant, q <0 and the model inflates. 

b. For the nonstatic LRS spacetimes of case Ay with k = —1 the energy density vanishes at the value 
Ti = i/8/3. Hence there is always a cosmological singularity of Kasner type at a finite time in the past. 
Furthermore these indefinitely expanding models {9 — > oo) inflate because the deceleration parameter q is 
negative for r > tq. 

Furthermore from Table 8 we observe that the fluid has a nonlinear barotropic equation of state. 
Proposition 4 Nonstatic LRS perfect fluid spacetimes with linear equation of state do not admit proper 
CKVs. 

It should be noted that for both models the ratio pjii ^ —1/3. Thus, asymptotically, the equation of 
state is linear i.e. p = (7 — 1)// with 7 = 2/3. 

7 Conclusions 

We have determined all hypcrsurface homogeneous, locally rotationally symmetric spacetimes which admit 
CKVs (including KVs and HVFs) together with the explicit expression of these vectors and their conformal 
algebras. These results take previous studies of the same topic one step further and have been applied in 
two directions. 

(a) To compute and classify the conformal algebra of all static LRS spacetimes (including the interesting 
case of static spherically symmetric spacetimes) in a simple, new and geometrical way 

(b) To determine all perfect fluid spacetimes (that is, perfect fluid models which satisfy the weak and 
the dominant energy conditions) which admit proper CKVs. In addition we have shown that there is a 
class of nonstatic LRS spacetimes admitting conformal symmetries which isotropise at late times and, in 
principle, they can be used as physically reasonable cosmological models. These results confirm the fact that 
conformal symmetries may play an important role in cosmology and they provide an additional motivation 
of studying models admitting conformal symmetries. 

The geometrical approach we used has made possible the determination of all the inheriting CKVs of 
the LRS spacetimes independently of the matter content. Concerning these vectors we note that in the 
Case Ai of Ellis Class II spacetimes (1.1) the inheriting CKV ^ shares the common property with the 
inheriting CKVs of the Robertson- Walker metric [16, 22] that is, they reduce to a HVF and/or KVs. The 
inheriting CKV .^2 of cases A2 and A3 is known. The former belongs to the Robertson- Walker case of 
inheriting CKVs found by Coley and Tupper [16]. For the special case k = +1 we recover the inheriting 
CKVs and the associated spherically symmetric, anisotropic in general, spacetimes determined by Coley 
and Tupper. More precisely cases A2 and A3 of the present paper correspond to the classes and AiS 
of [21] respectively. Regarding the inheriting CKVs of the metrics (1.2), (1.3) we have seen that the first 
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admits only one inheriting CKV, the X/ and the second admits the inheriting proper CKV Xi provided 
that the fluid velocity is nontilted. These results are new and can be used to study the kinematical and the 
dynamical properties of the associated metrics. 
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